formation, but also illustrate rather general questions concerning new emergent levels of organization. To illustrate these issues, we use lattice-gas cellular automata to study a buoyant mixture of hot and cold bubbles. We find that, depending on the volume fraction of bubbles, the model can exhibit either a coarsening instability familiar from studies of sedimentation, or a convective instability similar to the large-scale flows of Rayleigh-Benard convection. An example of our many-bubble model is shown in Fig. 1 . The bubble shapes are approximately round, but they may deform due to interface fluctuations and the interaction of viscous stresses with surface tension. The capillary number pVV/CT, where CT is the surface tension, typically ranges from -0.1 to l.
v the kinematic viscosity. The first equation represents the conservation of mass, while the second represents the conservation of momentum. The factor "(p), equal to unity for real fluids, differs from unity in our simuiations,I4 a point we return to below.
Bubbles are created in our model by including additional species of fluid and by employing a collision rule at interfaces that creates surface tension. The surface-tension inducing collision is antidiffusive; it maximizes the flux of a particular species in the direction of the gradient of the local density of that particular species." For sufficiently large densities of both species in a two-fluid model, mixtures are unstable and phase separation occurs spontaneously, resulting in an equilibrium state in which two distinct phases are separated by an interface. In a three-fluid model much the same phase-separation behavior is observed; in this case, however, an appropriate choice of surface tensions and fluid concentrations can result in an equilibrium state in which two distinct bubbles are immersed in a sea of the third fluid.'2 For the present study, we employ an N-fluid model,15 a generalization of the three-fluid model of Ref. 12 . This many-bubble model is simply a 2D suspension of an arbitrary number of hydrodynamically interacting bubbles which can never coalesce. Full details concerning the implementation of this model, essentially a model of an emulsion, are given in Ref. 15 , which also contains a general overview of the other multi phase lattice gas models cited above.
An example of our many-bubble model is shown in Fig. 1 . The bubble shapes are approximately round, but they may deform due to interface fluctuations and the interaction of viscous stresses with surface tension. The capillary number pVV/CT, where CT is the surface tension, typically ranges from -0.1 to l.
In the simulations we discuss below there are two kinds of bubbles, "hot" and "cold," each of radius a. Heat cannot diffuse into or out of the bubbles. The hot, positively buoyant, bubbles are subjected to a constant upward acceleration, while tbe cold, negatively buoyant, bubbles are subjected to an equal and opposite downward acceleration. By designating <1>1 and <h to be th~average concentration of hot and cold bubbles, respectIvely, at a coarse-
Here p denotes the spatially averaged density of particles, v the spatially averaged particle velocity, p the pressure, and
The derivation of hydrodynamic equations from microscopic physics typically follows from a coarse-graining of the com~lex many-body interactions of molecular dynamics. Recent work, however, has shown tbat hydrodynamic equations may in fact be obtained from highly simplified, discrete microscopic models known as Iatlicegas cellular outomata.
-6
Here we use the lattice-gas method to construct a buoyant mixture of hot and cold bubbles, and ask whetber an analogous coarse-graining of the resulting many-bubble interactions can be applied to our bubble mixture to obtain a model of Rayleigh-Benard convection. We consider this question to be interesting not only because of its relevance to the determination of constitutive equations for multiphase flows,? but also because we believe that it serves to illustrate how interesting qualitative questions may be answered by simulations of hydrodynamic cellular automata. In particular, our simulations show that our naive formulation of constitutive equations can be incorrect, due at least in part to a symmetrybreaking coarsening instabilitd' known from studies of twocomponent sedimentation.
-1
Our model is constructed from a variation of the I~ttice-gas mod~ls int.roduced in Refs. 2, 11; and 12. In the SImplest two-dImensIOnal (2D) lattIce gas; Identical particles of equal mass hop from site to site on a triangular lattice. When particles meet at a site they scatter, thus undergoing a collision. The precise rule for collisions is un- grained scale much larger than a, and defining a "temperature" T= <1>, -<1>2' we assume that a simple coarse-graining of the Navier-Stokes Eqs. (1) and (2),
1 O,v+lI(p)(v·V)v=--Vp+vV 2 v+Tg, (4) p describes mass and momentum conservation in the bubble mixture. Here g represents the gravitational acceleration, v represents the coarse-grained velocity, and the gradients are also taken at the same coarse-grained scale.
To complete the description of the bubble mixture, we assume that the temperature field evolves due to advection, Brownian motion, and dispersion. Neglecting any cross diffusivilies, we subsume the latter contributions into a selfdiffusivity K and write
Except for the factor 11 (p), Eqs. (3)- (5) To answer this question experimentally, we put the model in a box with rigid walls and approximately unit aspect ratio, and "heat it from below" by instantaneously converting cold bubbles to hot when they touch the bottom boundar~, and likewise converting hot bubbles to cold at the top.' The usual dimensionless expression of the Boussinesq equations yields (after dropping primes)
O,O+(v·V)O=V 2 0+Ra v·k, where 0 is the dimensionless temperature perturbation from a uniform gradient, k is the unit vector in the vertical direction, the Prandtl number Pr= V/K, and the Rayleigh number Ra=g<1>1I 3 /Kv, where 11 is the height of the box, and q,= <1>, + ¢, is the fraction of the box filled with bubbles. Where, then, is the fallacy in our reasoning? We believe our error lies in the simplifications implicit in the temperature Eq. (5). Specifically, our implicit assumption was that there were sufficiently large regions of almost uniform fluid motion so that vand the hydrodynamic analysis made sense. But perhaps the properties of lhe fluid are much more nonuniform than would be compatible with our smoothed-out hydrodynamic description.
To understand why there might be additional structure in the system, we note that, in the absence of the adverse temperature gradient, our system is a special case of twocomponent sedimentation, 8 show that, for the case cf>1 = ch., one obtains <I>c=0.17±0.03
IO
In our context, however, the salient point is not just that concentration waves may be unstable, but that the most unstable wavelength itself grows with time. This is qualitatively evident from the experiments in Ref. 10 and also from the simulation of sedimentation shown in Fig. 2 . The simulation is initiated with randomly distributed hot and cold bubbles as before, with a bubble concentration of 0040, There are no walls, and boundaries are periodic in both directions, The results show that the instability manifests itself as a coarsening phenomenon, in which regions of ascending red bubbles and descending blue bubbles grow, developing into large-scale fingers, some of which are similar to thermal plumes.
A direct consequence of this coarsening is the inability
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to define the coarse-grained scale implicit in the definition of v in Eqs. (3)- (5). Any finite length scale eventually becomes small compared to the size of sedimenting fingers and plumes. Thus the symmetry between hot and cold bubbles is broken, and regions composed primarily of hot or cold bubbles grow. The phenomenon is loosely analogous to spinodal decomposition, in which thermodynamically unstable mixtures spontaneously separate into two distinct phases. 19 Here, however, the phase separation is not driven by a favorable free energy, but is instead driven mechanically by hydrodynamic interactions.
The coarsening in Fig. 2 can be quantified, allowing us to empirically determine a phase diagram for the stability of our two-component sedimentation. At discrete intervals in time, we compute the 2D power spectrum '. 0.5 
(10)
where <P1(X,t) and </J,(x,t) are the local concentrations of hot particles and cold particles, respectively, at time t at a site with coordinates given by x, k is the discrete wave vector, and II x and 11)' are the number of lattice sites in the x direction and y direction, respectively. At the initial stages of the instability, the macroscopic structures are approximately isotropic, so we compute circular averages S(k,t) =(S(k,t», where the angle brackets indicate averaging over all wave vectors k of magnitude k =Ikl. We then define a characteristic length R from the inverse of the first moment of.5:
Unstable mixtures are then defined to be those for which R(t) grows with time; if R(t) does not grow, the mixture is considered stable.
In our simulations, both the bubble concentration q, and the mean bubble speed determine stability of the mixture. The latter parameter is significant here because, for sufficiently weak gravitational accelerations, Brownian motion can be significant. Thus we consider a phase plane in the space of <I> and the free-fall Peelet number Pe'=avr/K, where the latter parameter is controlled operationally by g, vf is the free-fall velocity of a bubble of size a, and K is estimated from simulations of Brownian motion. We consider boxes of size " x = 11)'= 128 and particular combinations of q, and Pe' that allow us to experimentally determine the stability boundary. Figures 3, 4, and 5 show the results of a representative calculation for fixed Pe* = 11
at varying values of q,. (Here and elsewhere, the results are obtained by ayeraging over five independent simulations.) The spectra S(k,t) are ,plotted in Fig. 3 for the case <1>=0.20; one sees that S(k,t) is invariant with time for dimensionless wave numbers ak>O.5, whereas for ak <0.5 the wave number of the peak in .5(k,t) decreases with time while the peak value itself increases with time.
The high wave number behavior reflects the constancy of the small-scale spatial fluctuations, which are determined entirely by the bubble size a. The low wave number behavior, on the other hand, is a consequence of the coarsening. .!: Figure 5 . sedimenting mixture is unstable and therefore coarsens; outside the curve the mixture is stable. In the limit of vanishing diffusivity (high Pe*), the results show stability for <I> less than -0.1. On the other hand, as <I> increases, the smallest possible velocity in unstable sedimentation decreases. These results confirm simple physical intuition: a high bubble concentration (but still short of the close packing limit) and a large ratio of advection to diffusion creates favorable conditions for strong hydrodynamic interactions between bubbles, and thus instability of the mixture.
These results may now be brought to bear on the Rayleigh-Benard problem. If indeed the coarsening in the sedimentation problem is prohibiting us from writing the constitutive Eqs. (3)-(5), then we should expect recovery of these same Boussinesq equations if we choose a slab/e combination of <I> and Pe*. This reasoning indeed appears to be correct. In Fig. 7 we show an example of our numerical Rayleigh-Benard experiment, where now we have chosen Pe*~55 and <I>~O.I, a combination that the results of Fig. 6 shows to yield approximately marginal stability for sedimentation. The results clearly show a large-scale circulation, thus indicating that a coarse graining of the simulation at a scale much greater than the bubble size may indeed satisfy the Boussinesq equations. By using the Brownian diffusivity for K, the Rayleigh number is estimated to be _10 7 In concluding, we note that our simulations have shown that (I) a naive coarse-graining of a bidispersed mixture of bubbles depends crucially on the stability of the mixture; (2) the stability of the mixture depends in turn on both the concentration of bubbles and a dimensionless measure of their mean falling speeds; and (3) if the mixture is in fact stable, then it can reproduce large-scale flows simi-lar to those observed in Rayleigh-Benard convection above the convective threshold. Finally, we note that our bubble model offers an interesting approach to the simulation of high Prandt! number convection and may perhaps offer an attractive alternative to the methods employed, for example, in Ref. 21 . Consistent with most other successful applications of lattice-gas cellular automata, we feel that our model is best suited for answering qualitative, rather than quantitative, questions. The precise limits of its applicability, however, remain to be determined.
